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Abstract-The structure and propagation of a steady, one-dimensional planar, low-speed flame in a dilute, 
monodisperse, sufficiently off-stoichiometric and weakly-heterogeneous spray, with bulk gas-phase 
burning, upstream droplet vapori~tion and downstream droplet va~~~tion/~mbustion, is analyzed 
using activation energy asymptotics. A prevaporized mode and a partially prevaporized mode of flame 
propagation are identified. Results show that lean and rich sprays exhibit qualitatively opposite behavior 
in response to the extent of mixture heterogeneity; specifically, the burning intensities of lean and rich 
sprays are respectively reduced and enhanced with increasing liquid fuel loading and increasing initial 
droplet size. Classification of all possible spray burning modes as a function of the mixture stoichiometry 

and initial droplet size is also presented. 

1. INTRODUCTION 

EXTENSIVE theoretical efforts [I] have been expended 
at determining the structure and propagation speed of 
a one-dimensional planar laminar flame in a premixed 
combustible mixture. The activity has recently 
reached maturity, at least for simplified kinetics, in 
that the problem can be solved with mathematical 
rigor by using large activation energy matched asymp- 
totic analysis. 

The corresponding problem of laminar flame 
propagation in the two-phase medium of a spray is 
more involved and consequently less we11 developed. 
Williams [l] analyzed the limiting situation of hetero- 
geneous flame propagation, in which fuel pre- 
vaporization is suppressed such that flame propa- 
gation is solely supported by the diffusional burning 
of droplets. An explicit expression is derived for the 
heterogeneous flame speed .!7t which is shown to vary 
inversely with the initial droplet diameter d’,. This 
result is physically realistic in that finer atomization 
increases the total surface area of all the droplets and 
consequently the heat release rate. 

The heterogeneous flame theory does not allow for 
any upstream vaporization and thereby the occur- 
rence of bulk gas-phase burning. It is clear that for 
sufficiently volatile fuels and/or sufficiently small 
droplets, upstream vaporization is important and the 
subsequent bulk gas-phase burning could well domi- 
nate the flame behavior. 

In view of the above considerations, we have for- 
mulated a flame propagation theory in dilute sprays, 
allowing for droplet pre- and post-vaporization, drop 
let dilfusional burning, and premixed burning in the 
bulk gaseous medium. In the next section we shall 
first present a systematic classification of all possible 
modes of combustion depending on the initial droplet 
size and concentrations of the various reactants in 
both the gas and liquid phases. In Sections 3 and 4 
analysis and results for sufficiently off-stoichiometric 
lean and rich sprays will be presented. The flame 
response of near-stoichiomet~~ mixtures is quite 
complex that a separate study is needed. 

The mathematical technique used is matched 
asymptotic analysis in the limit of large activation 
energy. We shall also restrict our analysis to dilute 
sprays in which the mass fraction of the liquid fuel in 
the fresh mixture is very small [ZJ. 

2. CLASSIFICATION OF COMBUSTION 

MODES 

We study the steady, one-dimensional planar, low- 
speed flame propagation into a combustible mixture 
consisting of various concentrations of oxidizer, inert, 
fuel vapor, and fuel droplets of a certain radius. 
Because of the doubly-infinite nature of the flow con- 
figuration, the problem can be studied in a flame- 
stationary coordinate with the thin reaction zone of 
the premixed flame being fixed at X’ = 0 (Fig. 1). 
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NOMENCLATURE 

Dimensional quantities Y mass fraction perturbation in inner 
B’ frequency factor zone 

c; specific heat of liquid fuel Y Y, = yF and Yo = To/a 

c; specific heat of gas P original species mass fraction 

E:, activation energy Z PilP’. 
F mass flux 
1’ characteristic preheat zone thickness, Greek symbols 

/Vjc;F’ u cc = 1 and 0 in L-L and R-R sprays 
L specific heat of vaporization Y (1 -Z-,)/c 
n’ number density & small expansion parameter, T:/T, 

P’ pressure i (1 -Z)/(l -Z-W) 
Q’ heat of combustion per unit mass of 

fuel : 

flame speed eigenvalue, equation (15) 
stretched inner variable 

r’ radius of droplet 

rb droplet radius for completing ; 

stoichiometric ratio 
equivalence ratio 

vaporization at the flame n initial liquid fuel/initial total fuel. 

rsl droplet radius for producing 
stoichiometric burning at the flame 

Superscripts 

R’ universal gas constant k outer zones on the downstream and 

T temperature 
upstream sides of the flame front 

, 
u’ flow velocity 

dimensional quantities. 

W molecular weight Subscripts 
I7 average molecular weight b boiling state 
X’ coordinate e state at which droplet is completely 

A’ thermal conductivity gasified 

V’ stoichiometric coefficient f flame front 

P’ density. F,O fuel and oxygen 

g,l gas and liquid phases 
Non-dimensional quantities i i = F and 0 in L-L and R-R sprays 

L L’IQ’ j j = 0 and F in L-L and R-R sprays 

t temperature perturbation in inner zone v state at which vaporization initiates 

T c;T’lQ’ in, out inner and outer zones 

T, activation temperature 0,l zeroth and first orders 

X transformed coordinate, x’/& - co, cc initial and final states. 

The structure of the spray flame can be discussed of liquid fuel vaporized before reaching the flame. 
in terms of two groups of parameters. The first group 
mainly consists of r:,, which is the critical initial drop- 
let radius for the droplet to achieve complete vapor- 
ization at the premixed flame front. Thus for r’ < r& 
and r’ > r& we have respectively completely pre- 
vaporized burning and partially prevaporized burn- 
ing, as shown in Figs. l(a) and (b), respectively. In 
the partially prevaporized cases, the droplets pass- 
ing through the flame will undergo either burning 
or vaporization, depending on the availability of the 
oxidizer in the downstream region. Complete droplet 
consumption is achieved at XL. 

The second group of parameters controls the stoi- 
chiometry of the two-phase mixture and can be dis- 
cussed in terms of the parameters &, &, and &, which 
respectively represent the fuel/oxidizer equivalence 
ratios based on the total liquid and gaseous fuels in 
the freestream, only the gaseous fuel in the freestream, 
and the gaseous fuel in the freestream plus the amount 

Based on these parameters, the following burning 
modes are possible, as classified in Fig. 1 and Table 1. 

If the spray is lean based on both the gaseous fuel 
as well as the total fuel, which we shall designate as a 
lean-lean (L-L) spray, then we have 1 > 4, > 4,. 
Two sub-cases can be further identified. If the initial 
droplet size is less than or equal to the critical droplet 

I size, r _-ou < r&, then complete prevaporization is pos- 
sible such that 1 > 4, = $r > 4, and the combustion 
involves only the premixed flame as discussed pre- 
viously. However, for rl, > r&, then 1 > $t > & > 4, 
and the subsequent combustion is heterogeneous, 
involving both premixed burning as well as droplet 
burning. 

The second case involves sprays which are slightly 
lean (SL), as distinguished by SL-SL and SL-St, 
where St stands for the stoichiometric state. The 
equivalence ratios now satisfy the relations 1 2 
4, > 4, and 1 -qJ = O(E), where E = Tf/T, is the 
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Table 1. Classification of combustion modes in one-dimensional sprays 
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Initial state Flame state 
Initial 

droplet radius Downstream state 

1 > 4t = 4r > 4, 
1 > 4, > 4r > 4, 

1 3 4, = 4r > 4* 
1 a 4, > 4r > 4, 

4t = 4f ’ 1 ’ 4, 
4, > 412 ’ ’ 4, 
4t > 1 > 4% > 4, 

4,=4r> 1 a4, 
4, > 4r > 1 3 & 

$t=$fy>; 
t> f’ g’ 

small parameter of expansion for the large activation 
energy reactions of interest to combustion. The quali- 
tative behavior of this case is similar to that of the first 
case involving L-L sprays, although the mathematical 
analysis is somewhat more complicated. 

The third case provides the transition from lean to 
rich sprays in that here the initial gaseous mixture is 
slightly lean (SL) while the overall mixture is slightly 
rich (SR). Three subcases are possible. First, if 
r1 m < r:,, then complete prevaporization occurs and 
the downstream state consists of only the excess fuel 
vapor. The second subcase covers the droplet size 
range satisfying r:, < rl, < r&, such that stoi- 
chiometric burning occurs in the gaseous mixture at 
the flame at r’, = r:,. This leads to the complete 
consumption of oxidizer at the flame, with the drop- 
lets undergoing pure vaporization in the downstream 
region. Finally, for r’_, > t$, some oxidizer is left at 
the flame such that the droplets will first burn until 
the oxidizer is completely depleted. Then the droplets 
will undergo pure vaporization. 

The final two cases of SR-SR (or St-SR) and R-R 

r’_, 6 i-i, 
I I 

rb > r,, 
r', Q r& 
r’_, > rb 

r’, < i-L, I I 
rrr < r-m < r:, 

I I 
r-- > rst 
r_m Q rb I I 
b > rcr 
r’, < rQ 

r’, 1 r& 

Pure gas 
Droplet burning 

Pure gas 
Droplet burning 

Pure gas 
Droplet vaporization 
Droplet burning and vaporization 

Pure gas 
Droplet vaporization 

Pure gas 
Droplet vaporization 

sprays are analogous to their lean counterparts, except 
now the downstream state consists of fuel vapor and 
the vaporizing droplets. 

As mentioned earlier, in the present study we shall 
only tackle the sufficiently off-stoichiometric lean- 
lean (L-L) and rich-rich (R-R) cases. 

3. ANALYSIS FOR OFF-STOICHIOMETRIC 

BURNING 

3.1. Assumptions 

Since we are primarily interested in the effects of 
stoichiometry and droplet size on the flame behavior, 
the following assumptions are made in order to facili- 
tate the analysis. Hence we shall assume that the spray 
is monodisperse and dilute, with the amount of liquid 
loading being O(s) of the total spray mass. The droplet 
temperature is constant, and its motion is in phase 
with that of the gas. Furthermore, in order to suppress 
the cold boundary difficulty related to droplet vapor- 
ization, the droplets start to vaporize, at x’ = xt, only 
when the gas temperature has reached the boiling 

Droplet Burning 
I L-L ond SL-SL sprays 1 

; Droplet Burning 
I 

Upstreom +revapori*ation , 
~Droplet Vaporization 

( SL- SR sprays with I’- r$ I I Downstream 

I 
Droplet Vaporization 

( SL- SR , St?-SR and R-R sproys 1 I 
I H I 

-w x: O-Premixed Flame x; +OD 

(bj 
\ Premixed Flame 

Upstream 
I I 1 Prevaporization 1 Gos-phase : Downstreom 

I 
I 

-W x: X’, 0 +oO 

(cl) 
FIG. 1. Schematic diagrams of (a) prevaporized and (b) partially prevaporized burning models. 
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point of the liquid. Droplets then ignite upon crossing 
the flame, and will extinguish upon complete depletion 
of the oxygen in the gas mixture. In the case of R-R 
sprays onfy droplet vaporization is possible. 

Finally, we assume that the fuel and oxidizer reac- 
tion for the bulk premixed flame is one-step overall, 
that the fuel droplets burn in the flame-sheet limit, and 
that conventional constant property simplifications 

apply. 
Some additional comments are in order for the 

present model. First, by assuming the extent of spray 
heterogeneity as O(E), we are excluding phenomena 
related to the dense spray region near the nozzle exit, 
where most of the fuel is still in the liquid form while 
very little air has been entrained. Second, instead of 
using the droplet spacing or volume ratio to charac- 
terize the diluteness of the spray, we use the mass ratio 
which comes out more naturally from the analysis. 
Third, the criterion governing initiation of vapor- 
ization is a conservative one in that the droplet vapor- 
ization rate is usually quite small at such a state. Thus 
we are able to track the bulk of the vaporization 
process reasonably well without triggering the cold 
boundary difficulty. Fourth, the assumption of no 
slip is made not only for mathematical simplicity and 
thereby physical clarity in understanding the pheno- 
mena of interest, it is also consistent with the dilute 
spray assumption applicable to regions far away from 
the injection nozzle, where the initial gas-droplet 
velocity disparity due to injection has been largely 
reduced through drag. Fifth, there is also a subtle 
limitation on the relative amounts of gaseous and 
liquid fuel present initially. That is, since we assume 
that droplet ignition is achieved when droplets pass 
through the premixed flame, the bulk of the fuel must 
be in the gaseous state at the flame front in order to 
establish the premixed flame. Thus the model is not 
capable of describing the highly heterogeneous situ- 
ation in which the auto-ignition of the droplet is the 
initiation mode of the spray flame. We shall therefore 
restrict our study to small values of a, defined as the 
ratio of the initial liquid fuel to the initial total fuel. 

3.2. Governing equations 
The dimensional conservation equations for heat 

and mass are given in the Appendix. Furthermore, 
overall continuity of the droplet number density and 
the total mass respectively requires that 

n’u’ = n’,u’, (1) 

p’u’ = pL&+ = F (2) 

where p’ = &+(47r/3)C3~‘& is the density of the 
mixture, and z.L, is its flame speed, having the same 
magnitude as S;. Quantities with and without primes 
are dimensional and non-dimensional, respectively. 

Following Williams [I], we designate the extent of 
gas-phase heterogeneity by the parameter Z = pi/p’ 
such that Z = 1 represents the completely vaporized 
state. Then the non-dimensional equations for 

gas-phase continuity, and conservations of fuel, 
oxidizer, and energy are respectively given by 

zg= ~(l-Z_,)il’(l-Z)“‘K(T, Yo) (3) 

where 

A = 3(~~(~) 

w= -($)($$J(&)YoYFexp(-%) 

while x = x’/r; is the non-dimensional distance 
expressed in units of the preheat zone thickness 
Ek = I’/(ciF’). In equations (3)-(6), the function 
K(T, YO) and the constant parameters k,, ko, and kT 
are respectively In [l + (T- Tb - Y,)/LJ, 0, - 1, and 
(I- L) for the burning droplet and In [ 1 -t (T- T,)/L], 
I, 0, -L for the vaporizing droplet. In the pure 
gaseous regions K(r, Yo) is zero. Also note that quan- 
tities related to the droplet size, r’, are now expressed 
through the factor (1 -Z) ‘j3. 

Finally, we have the ideal gas equation 

which is used to replace the u’ dependence in the gas- 
phase continuity relation. 

For the present problem it is more expedient to use 
an alternate density parameter [2] 

1-z 

i = l-Z_, 

instead of Z. Thus in a dilute spray we can expand 
Z_,= l-.sYsuchthatZ= I-EY[. 

3.3. Outer expansion 
In the broad outer zones, reaction is effectively sup- 

pressed because of the temperature-sensitive Arr- 
henius kinetics. Thus expanding <, YF, Y,, and Tin 
terms of E as 

<$J, = if +-EC: +O(e*) 

(Y,)$, = Y&l fey:, -t 0(E2) 

(Y&“, = Y&+&Y&+O(E2) 

T,$, = T; +ET: + O(E*) (7) 

substituting them into equations (3)-(6), and expand- 
ing, we have 
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g +$([;)“3K(T;, Y&,)+O(e2) = 0 (8) 
0 

d*Y& dY& 
--dx dx’ 

+&i: Y&-M;) 1 +w) = 0 (9) 

d*Y* o,, dY& 
--dx dx’ 

+&H Y&-k&) 
1 

+o(E*) = 0 (10) 

3.4. Inner expansions 
In the inner zone of the bulk gas-phase flame, the 

solution is expanded around the flame-sheet limit as 

iin = if+ OCE) 

(YF)i” = yFY+vF+w) 

CyO)in = YOf+EYO+o(EZ) 

T,, = Tf+et+O(E2) (12) 

with the stretched inner variable being 4 = x/e. 
Substituting equations (12) into equations (3)-(6) 

and expanding, we have 

dir -_=O 
d5 

(13) 

d*y, d’y, d*t _p-_- 
v - dl* - dl* 

= $ (Yrr+cy~) (Yor+cyo) e’ (14) 

where 

is the flame speed eigenvalue. 

3.5. Boundary andjump conditions 
Equations (8)-(11) and (13) and (14) are to be 

solved subject to the following boundary and jump 
conditions : 

x = --co: i = 1, Y, = Y,>_,, Y, = Y,,_,, 

T= T_, (16) 

x = X” : [= 1, Y,, = Y,, = T; =O, T= Tb 

(17) 

x = x, (prevaporized spray) : C = 0 (18) 

x = 0: c = I;f, Y, = Y&, Y& = Y+ 00, 

T, = T+ o, Y;,-Y:, = Y,,-Y,+, = T:-T; 

(19) 

x = x, (partially prevaporized spray) : 

[=O, Yr=(l-~)(Yj,fey) 

Y, = GI(Y~~ -ey), T = T, +eTlm (20) 

x = 02 : 5 = 0, Y, = (1 -Lx) (Y,, f&y) 

Y, = a(Y,, -EY), T = T, +ET,~ (21) 

where, for compactness of notation, we shall use 
cr=l,i=F,j=Oforleanspraysanda=O,i=O, 
j = F for rich sprays. Furthermore, T, and T,, can 
be determined through energy balance between the 
far upstream and downstream states 

T, - T-, = Y,,_, - Y,,, = r;,_, (22) 

T,, = y[a-L-(T,-TJ-(c;/c;)(T,-T-,)I. 

(23) 

3.6. Zeroth order solutions 
The zeroth order solution can be readily determined 

to be 

Y, = Y F,-m - Yi,-, e”, r:, = YFI = (1 -a) Y,,m 

Y,, = Y o,-m-Yi,-,ex, YAo = Yor = CtY. ,.a 

T; = T_,+Y?_,e”, T,+ = T,= T, (24) 

which are simply the solutions for the initially pre- 
mixed gas-phase mixture because of the dilute spray 
assumption. 

Using these relations we find 

(25) 

as well as {Q , cf and x,. That is, for the prevaporized 
mode, we have 

([,)“‘= l-$4 
s 

X(T_,+Yi,_,ex)-’ 
5 

,+ Wm-Tb)+Yi.-~e” 
L 1 dx (26) 

from which x, is determined by evaluating equation 
(26) with 4; = 0 at x = x,. For the partially pre- 
vaporized mode, [o is still given by equation (26), 
while 

x ln I+ (T~-Tb+tly/.~) x 

i L 1 (27) 

from which x, is determined by evaluating equation 
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(27) with <z = 0 at x = x, while & is determined by 
evaluating equation (26) with [; 2: & at x = 0. 

We now separately present the matching and final 
solutions for the prevaporized and partially pre- 
vaporized modes. 

3.7. Solution for partially prevaporized sprays 
The first order solutions of equations (9)-( 11) for 

this burning mode are given by : 

x, < x < 0 

YF, = a,(1 --e”-“7) 

--per 
s 

x [(YF’_, - 1) eeJ-- Yi,+& dx (28) 
-% 

Y,, = b,(l-e”-“v) 

-ye” ‘(Y,..., e-” 
s 

- Yi.-,)k dx (29) 
X” 

T; = c,(l --e”-“v) 

--ye” 
s 

’ ](T_, +L)e-“+ Y[,_,][, dx; (30) 
‘i.. 

O<X<X, 

Y,CJI = (l--~()~a~(l-e”-~~~)I-ye~--~~ 

x< 
+y(Yj,a-l)e” 

5 
i;: e+ dx (31) 

x 

G, = a[b,(l -eX-s~)_yeX-x, 

+y(Yj,,+l)e” 

s 

xc[O+ ewX dx (32) 
x 

Tt = c&l --e”-“e)+ T,, e”-‘* 

s 

xs 
fy(T, f-L---a)@ cz e-” dx (33) 

.x 

where a,, b,, c,, a,, b,, and c2 are determined through 
matching at the flame. 

To perform this matching, we first expand the outer 
solutions around x = 0 

(Y&, = Y&(O)+& 1 +U@) 

(y&&t = y&(o)+E y,+,(o)+ “2 (o)( + o(E') 
1 

T&, = T:@)+F T?(O)+ z(O)6 
I 

+o(e2). (34) 

Then following the detailed matching procedure of 
ref. [3], we find 

7-:(0)-T;(O) = 0 (35) 

$(0)-Z(O) = ccy(l-{i,)--yY,,_, (36) 

where we have invoked the closure scheme of 
Y;i (0) = 0 for lean sprays and Yo, (0) = 0 for rich 
sprays. 

Using equations (35) and (36), c,, cz, Y$,, Ya,, 
and T: can be determined. In particular, we have 

r[(T_, +L)e-“f Y,_,]i, dX. 

(37) 

We note that T: (0) represents the first order down- 
stream temperature perturbation at the flame, and is 
an important parameter in the present problem. 

In the inner zone, application of the local Shvab- 
Zeldovich formulation to equation (14) yields 

g (r+y,) = 0 (38) 

which has the solution 

t+yi = T:(o) (39) 

satisfying matching conditions (19) and (34). 
Integrating energy equation (14), and using equa- 

tion (39), we obtain 

($1 = b(z)Yj,,l(t-T:(O)-I]e%d,. 

(40) 

Finally, by applying the matching conditions at 
<-+ +co,wefind 

from which the flame speed S’,, which is buiit into the 
definition of A, is determined. 

The flame speed expression, equation (41), is iden- 
tical to that of the totally gaseous mixture except for 
the last term exp [T: (O)], which therefore represents 
effects due to droplet processes. In particular, the 
inlkence of the initial droplet size appears in the par- 
ameter A which is contained in the [; and c$ terms 
of T:(O). For the critical state at which the dropfets 
are just completely vaporized at the flame, we have 
x, = 0, yielding 

T?(O) = T,,. (42) 

3.8. Solution for prevaporized sprays 
Following the same procedure as that for the par- 

tially prevaporized spray, the outer solutions are now 
given by 

X” < x < x, 
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Y,, = a,(1 -eXeXv) 

-ye” X [(YF,-m - 1) e-I- Yi,-,]L dx (43) 

Y,, = b,(l -exexv) 

--ye” s J (Y,,_, emx- Yi,_,)& dx (44) 
X\, 

T; = c,(l -ex-xv) 

-ye” 
s 

I[(T_,+L)e-“+ Yi,_,lC; dx; (45) 
5 

x,<x<o 

Y;, = a,+a,e” (46) 

YG, = b,+b,e” (47) 

T; = c,+c,e”. (48) 

The integration constants in equations (43)-(48) can 
all be determined from boundary and matching con- 
ditions. Solution for the inner zone proceeds analo- 
gously with that of the partially prevaporized spray, 
yielding 

(Yl.-m)2 = [A($) Yj,a]exp CT,,). (49) 

It is of interest to note that in the completely pre- 
vaporized case T: (0) = T,,, implying that the flame 
speed is independent of the initial droplet size of the 
spray. 

4. RESULTS AND DISCUSSIONS 

The behavior of the flame propagation speed in a 
dilute spray, given by equations (41) and (49), has 
been investigated for both the lean and rich sprays. 
Transition between the prevaporized and partially 
prevaporized modes occurs when droplet vaporiza- 
tion is completed just at the flame. Sample calcu- 
lations are conducted for n-octane (C,H,,) burning 
in air with p’ = 1 atm, p; = 0.703 g cme3, 
T’_, = 348.6 K, Tb = 398.6 K, L’ = 71.7 cal gg ‘, 
Q’ = 10.7 kcal g- ‘, 1’ = 3.47 x 10e4 cal cm-’ s- ’ 
K- ‘, c; = 0.397 cal g- ’ K- ‘, and E:/R’ = 20000 K. 
The frequency factor B’ = 10” cm3 mol- ’ s- ’ is fixed 
by matching the calculated and experimental flame 
speeds in the homogeneous limit. We also use fi to 
indicate the ratio of the liquid fuel to the total fuel in 
the initial state. 

4.1. The flame speed 
Figure 2 plots the variations of Sl/exp [T: (0)/2] 

with 0 and 4,. Since the dependence of SL on the 
droplet size is through T: (0), such a plot isolates the 
dependence of St to effects caused only by gas-phase 
burning. Noting that the gas-phase fuel concentration 
is reduced with fuel in the liquid state, this leaning 
effect of gas-phase burning results in a lower flame 

I 
0 0.04 0.08 O.fZ 0.16 

R 

FIG. 2. Variations of SL/exp [T:(O)/21 with the mass fraction 
of liquid fuel fi and the equivalence ratio based on total 

fuel 4,. 

temperature and flame speed in the lean spray but a 
higher flame temperature and flame speed in the rich 
spray. The more the liquid fuel, corresponding to 
larger values of R, the greater is the respective effect 
on flame weakening and intensification. 

Figure 3 shows the dependence of the flame tem- 
perature perturbation T:(O) on the initial droplet 
size. It is seen that each of these curves consists of a 
flat segment corresponding to the completely pre- 
vaporized mode, and a monotonically varying seg- 
ment corresponding to the partially prevaporized 
mode. As r’_, 4 0, the present analysis breaks down 
because small droplets can start to vaporize from the 
far upstream state, thereby contradicting the assump- 
tion of a finite x, here. 

Results of Fig. 3 can be explained as follows. For 
a lean spray, the liquid fuel absorbs heat for upstream 
vaporization, produces the secondary gasified fuel for 
the bulk gas-phase burning, burns through droplet 
combustion afterwards, and finally results in a posi- 
tive T: (0). On the other hand the secondary gasified 
fuel in a rich spray is equivalent to an inert without 
any contribution to burning, thereby producing a 
negative T: (0). 

Furthermore, since in the prevaporized.mode the 
fuel concentration near the flame is the same as that 
of a gaseous premixture, T:(O) depends only on 4t 
and n but not on the initial droplet size. Increasing 
the mass fraction of the liquid fuel, LI, increases the 
magnitude of T:(O) because in rich sprays higher 
values of n result in a larger amount of heat absorp- 
tion due to droplet vaporization, which causes cor- 
respondingly larger reductions in T: (0). On the other 
hand, in lean sprays the heat absorption due to 
vaporization is much smaller than the correspond- 
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Variations of flame temperature perturbation T: (0) with the initial droplet size r’ 
fraction of liquid fuel a. 

55t I 
4 '2.00 a 
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40 
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FIG. 4. Flame speed Sl as functions of the initial droplet size 
t-L oc and the mass fraction of liquid fuel R. 

ingly increased combustion heat release due to the 
additional secondary gasified fuel. Thus larger values 
of fi result in stronger burning intensities with higher 
positive values of T: (0). 

Concerning the influence of the droplet size, we 
note that in the partially prevaporized mode, a lean 
spray containing larger droplets has a slower gasi- 
fication rate and therefore less secondary gasified fuel 
near the flame, resulting in smaller values of T:(O). 
On the other hand larger droplets in a rich spray will 
render the gas mixture less fuel rich and thereby reduce 
the negative effect of fuel vaporization on T: (0). 

Combining results of Figs. 2 and 3, the flame speed 
Sl is shown in Fig. 4 for different values of L,,, and 
Q. It is seen that the flame speed of a lean spray, 
4, = 0.80, is lower than the corresponding gaseous 
premixture. It is further weakened with increasing 
initial droplet size for the partially prevaporized 
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FIG. 5. Flame speed Sl vs the total equivalence ratio C#J, on 
constant mass fraction of liquid fuel a (rim = 50 pm). 

mode. The converse holds for the rich spray. 
Figures 5 and 6 show the conventional plots of 

the flame speed vs the (total) equivalence ratio on 
constant n and rlca, respectively. Since the analysis is 

only valid for sufficiently off-stoichiometric mixtures, 
a continuous transition from lean-to-rich burning 

cannot be obtained here. Figure 6 shows the inter- 
esting result that curves of different r’, converge 
with decreasing 4t because of the reduction of the net 
amount of liquid fuel initially present in the mixture. 
Furthermore, for the same reason which is responsible 
for the behavior of T: (0) as discussed above, larger 
droplets reduce the flame speed in a lean spray and 
increase the flame speed in a rich spray. 

4.2. Temperature and concentration projiles 
Figures 7 and 8 show the profiles for the zeroth 

order temperature (T,), fuel mass fraction (Y,,), and 
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FIG. 6. Flame speed & vs the total equivalence ratio 4, on 
constant initial droplet size r’, (a = 0.05). 
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FIG. 7. Representative profiles of leading order temperature 
To, fuel vapor concentration Y,,, and oxygen concentration 

Y,, in a lean spray. 

oxygen mass fraction ( YoO), respectively. Since hetero- 
geneity does not affect the leading order solutions 
because of the dilute spray assumption, the differences 
between the solutions of the homogeneous mixture 
and the spray are due to the diversion of some of the 
gaseous fuel to the liquid fuel in the initial state, which 
leads to different flame temperatures. 

Figures 9 and 10 show profiles of c, T,, Y,, and 
YoI in a lean spray with different initial droplet size. It 
is seen that the density parameter of the liquid fuel, c, 
remains at the initial state before reaching x,, and 
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FIG. 8. Representative profiles of leading order temperature 
T,, fuel vapor concentration Y,,, and oxygen concentration 

YoO in a rich spray. 
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FIG. 10. Representative profiles of perturbations of fuel 
vapor concentration YF, and oxygen concentration Yo, in a 

lean spray. 
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FIG. I I. Representative profiles of spray heterogeneity par- 
ameter 5 and temperature perturbation T, in a rich spray. 

vanishes at x, upon total droplet consumption. The 
influence of heterogeneity on T, is two-fold, namely 
prevaporization should lower the gas temperature 
while consumption of this additional, prevaporized 
fuel should elevate the gas temperature. It is seen that 
the latter has a stronger effect in that small droplets 
lead to higher T, because of the faster vaporization 
upstream of the flame as well as faster combustion 
downstream of the flame. 

The Y,, results of Fig. 10 show com~ting effects 
of the production and consumption of the secondary 
gasified fuel, which lead to the existence of a maximum 
concentration somewhere upstream of the flame. 
Finally, the Y,, profiles show the dilution effect on 
the oxygen mass fraction by the secondary gasified 
fuel upstream, and the consumption of oxygen 
through droplet burning downstream. 

Figures 11 and 12 show the corresponding profiles 
of c, T,, YF, and Y,, for a rich spray. The behavior 
can all be adequately explained on the basis of the 
further enrichment of an afready rich spray through 
droplet vaporization. In particular, Fig. 12 shows that 
Yol exhibits a minimum-point behavior, caused by 
the initial continuous dilution of the oxygen con- 
centration through fuel vaporization, and the sub- 
sequent complete consumption of the oxygen at the 
flame. 
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FIG. 12. Representative profiles of perturbations of fuel 
vapor concentration Y,, and oxygen concentration Yo, in a 

rich spray. 
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FIG. 13. Dependence of the location x, on the initial droplet 
size r’_, and mass fraction of liquid fuel a for a lean spray. 

4.3. State of complete duqplef &onsurnp~~o~ 
The state of complete droplet consumption, x,, is an 

important parameter in the present problem because it 
indicates whether complete prevaporization is pos- 
sible and, if it is not, how much longer would it require 
to recover all the chemical heat release through drop 
let burning in the case of a lean spray. Figures 13 and 
14 show x, for lean and rich sprays, respectively. 
It is seen that complete prevaporization (x, < 0) 
can be achieved for initial droplet sizes around lO- 
20 pm. The distance over which this complete pre- 
vaporization can be achieved is x, = O(1). Since the 
physical distance X’ is scaled by the characteristic pre- 
heat zone thickness I$, this result then implies that 

0 40 80 / 

r-d,, pm 

FIG. 14. Dependence of the location x, on the initial droplet 
size r’_ m and mass fraction of liquid fuel R for a rich spray. 
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the bulk of the prevaporization occurs in the preheat 

zone, as is reasonable to expect. Results further show 
that for droplets exceeding 20 pm such that complete 
prevaporization cannot be achieved, substantially 
longer x, is required for larger droplets because a 
correspondingly larger amount of droplet mass is 
involved. 

4.4. Comparisons 

There are several sources of theoretical and experi- 
mental information with which the present study can 
be compared. First, Ballal and Lefebvre [4] have 
experimentally observed that for overall lean and stoi- 
chiometric sprays, the flame speed decreases with 
increasing liquid fuel loading and increasing droplet 
size. Hayashi and Kumagai [5] also reported that the 
flame speed decreases with increasing liquid fuel load- 
ing for lean sprays but increases for rich sprays. Since 
both of these works use low values of Q, which is the 
situation studied herein, the agreement is reasonable. 

Hayashi et al. [6], however, have further observed 
that the flame speed also increases with increasing 
droplet size, even for an overall fuel-lean mixture, 
provided the droplet is sufficiently large. Such an effect 
is attributed [6] to the observed heterogeneity-induced 
wrinkling of the flame surface. 

Polymeropoulos [7] and Polymeropoulos and Das 
[8] have theoretically and experimentally shown the 
existence of an optimum droplet size at which the 
flame speed attains a maximum value. This is contrary 
to the present monotonic behavior. It is believed that 
the reason for the disagreement is that the sprays of 
refs. [7,8] are highly heterogeneous while the present 
study is restricted to low levels of heterogeneity. Thus 

the transition from the heterogeneously-dominated to 
the homogeneously-dominated behavior is not cap- 
tured here. 

Finally, because of further droplet vaporization 
after the droplets pass through the premixed flame 
front, Seth et al. [9] and Aggarwal and Sirignano [lo] 
have numerically observed either the formation of a 
diffusion flame downstream of the premixed flame, or 
the back diffusion of the fuel vapor towards the flame. 
While it is unclear as to what extent these results are 
caused by the fact that their model involves unsteady 
flame propagation in a closed volume, they do suggest 
the possibility that droplets need not burn via the 
individual envelope diffusion flame mode (for lean 
sprays) downstream of the premixed flame front. A 
more rigorous treatment should incorporate suitable 
droplet ignition/extinction criteria in this region. 

5. CONCLUDING REMARKS 

In the present investigation we have studied the 
flame structure and propagation rate of dilute sprays 
undergoing sufficiently off-stoichiometric burning. 
The qualitatively different behavior of lean and rich 
sprays can all be explained on the basis of the 
reduction of the gas-phase fuel concentration through 

mixture heterogeneity such that the burning intensities 

of lean and rich sprays are respectively reduced and 
enhanced. Parametrically, the results show that the 
flame propagation rate of a lean spray increases with 
decreasing liquid fuel loading and decreasing initial 
droplet size, while the opposite holds for a rich spray. 

It is important to emphasize that much improve- 

ment is still needed for the present model. For 
example, we should relax the assumption of a finite 
x: at which vaporization is initiated so that the theory 
can specialize to the homogeneous limit of laminar 
flame propagation in a completely gaseous mixture. 
Furthermore, in order for the theory to approach the 
heterogeneous limit also at which the spray flame is 
entirely supported by droplet burning, and to allow 
for downstream droplet vaporization and thereby 
back diffusion of the fuel vapor, it is necessary to 
use proper droplet ignition/extinction criteria such as 
those of refs. [l 1, 121. This is because the present 
assumption that the droplets automatically ignite 
upon crossing the gaseous flame front obviously 
becomes inoperative either in the heterogeneous limit 
or for very small droplets. Finally, in order to provide 
a smooth transition from lean to rich burning, a two- 
reactant formulation is needed to describe the sig- 
nificant changes in both the fuel and oxidizer con- 
centrations for stoichiometric and near-stoichiometric 
mixtures. 
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APPENDIX: DIMENSIONAL CONSERVATION 
EQUATIONS 

The conservation equations of heat and mass for the pre- 
sent steady-state, one-dimensional, chemically-reacting two- 
phase flows with phase change are given by : 

gas-phase cont~uity 

conservation of fuel mass 

d 
dx’ 

conse~at~a~ of oxidizer mass 

conservation of energy 

ideal gas equation 
p’~=p;,R’T 

where 

The function R’ (T’, To) and the constant parameters k,, ko 
and kr are respectively 

for the burning droplet case and 
0, -1 and (Q’-L’) 

cgT’- rb) 
L 

1 
, I, 0 and -L’ 

for the vaporizing droplet case. In the pure gaseous regions 
K’(T’, Yo) is zero. 

THEORIE DE LA PROPAGATION DUNE FLAMME LAMINAIRE DANS LES 
~ROUILLARDS DILUES NON STOIC~IOMETRIQUE 

R&uun&On analyse a partir de l’energie d’activation asymptotique la structure et la propagation dune 
flamme permanente, plane a faible vitesse, dans un brouillard monodisperse, suffisamment hors sto- 
ichiometrie, faiblement h&rogene, avec une vaporisation des gouttelettes en avant de la combustion en 
phase gazeuse. On identifie un mode de prevaporisation et un mode prevaporation partielle pour la 
propagation de flamme. Les resultats montrent que les brouillards pauvres ou riches montrent des com- 
portements qualitativement oppos8s; specifiquement, les intensitbs de combustion des brouillards pauvres 
ou riches sont respectivement riduites ou augment&es par un accroissement de la charge en combustible 
liquide et de la taille initiale des gouttelettes. On presente aussi une classification de tousles modes possibles 
de combustion des brouillards en fonction de la stoichiometrie du melange et de la taille initiale des 

gouttelettes. 

THEORIE DER AUSBREITUNG EINER LAMINAREN FLAMME IN EINER NICHT- 
ST~CHIOMETRISCHEN VERD~NNTEN SPR~HSTR~MUNG 

Z~ammenfa~ung-Struktur und Ausbreitung einer stationaren, eindimensional ebenen Flamme von 
geringer Geschwindigkeit in einer verdiinnten, monodispersen, ausreichend nicht-st~~hiomet~s~hen und 
leicht heterogenen SpriihstrGmung wurden analytisch untersucht. Im Kern ist die Gasphase in Brand, 
stromauf verdampfen Tropfchen, stromab findet Verdampfung und Verbrennung von Tropfchen statt. 
Zwei Arten der Flammenausbreitung wurden gefunden, eine mit vollstandiger und eine mit teilweiser 
Vorverdampfung. Die Ergebnisse zeigen, da13 magere und fette Spriihstriimungen im Hinblick auf 
die Gemisch-HeterogenitHt qualitativ entgegengesetztes Verhalten zeigen. Insbesondere nimmt die Ver- 
brennungs-Intensilt der mageren und der fetten Striimung ab bzw. zu, wenn die Brennstoffzufuhr und die 
anfangliche TropfengroBe erhoht werden. Die miiglichen Verbrennungsarten werden abhangig von der 

Gemisch-Stochiometrie und der anfanglichen TropfengroBe klassifiziert. 

TEOPMIf PA~~~PAHEH~~ ~AM~HAPHO~O IIJIAMEHH B 
HECTEX~OMETP~~ECK~X OBE~HEHHbIX ‘)ECIiAKHM TO~~~BOM CTI’YlX 

Amurraitm+B pa6om ~~U3np~TC~ C nCnOnb3OB~~eM aCSiMffTOTEKH 3HePrHW aKTH~~~ CTPYIC- 
~ypa H pacnpocrpanemie yCTOhHBOr0 ollHoMepHoro ~~~~K~~~,HH~KocKo~OCTHO~O KInahieHH B otien- 

Hewioii hioHonscnepcHoti fiecrexsiohseTpwIecXo~ cna6oreTepOreHHoii cFpye c ropeasiehf B o6wMe 

ra30Boii $13b1,~cnape~ue rcan.nH B wananbfiok qacTH noToxa H HcnapeHue-ropewe XannH B Hanpanne- 

HsiH Teqewin. OnpenanmOTcn qoacnapsiTenbHblii H ~acrwwo noacnapHTenbHblk pexuihw pacnpocrpa- 

HeHHIl IlJlaMeHEi. h3yJlbTaTbl nOIO%3blBatOT, 'IT0 nOBeIleHHe 06'WieHHbIX H HaCbIlJIeHHbIX XCHAKAM 

T~MHBoMcT~~~~KIL~~~E~H~ OTJRI'I~~T~IIB 3aBHcHM~~oTcTe~eH~r~e~re~H~HcMeCW;B qacr- 

HOCTU,HHTeHCHBHOCTb I'O~HHI, 06eJI.HeHHbJX B HaCbIUJeHHbIX CTpy# yMeHbWaeTCfl B yCHJl&lBaeTCn,COOT- 

BeTCTBeHHO, c yBenHrenneM conepzsaHnn xcsinKor0 TonnsiBa H yseneqetiHeM HawnbHoro pawepa 

Xaruuf.Tatzxe naews Knaccw#uwui~ ~03~owib1x pexui~oe crpytisoro ropeHHn xaX +yHXIWI crexAo- 

bfe~p1414 c~ecsix HavanbHoropa3Mepaitannil. 


